Motivated by the challenging crossing of the 1:1 resonance planned for the Dawn mission, a general transfer design strategy is developed using the manifold structure of near-synchronous, unstable periodic orbits. Two families of transfers across the 1:1 resonance at the asteroid Vesta demonstrate the approach. A family of low-inclination, low-energy transfers follows the stable and unstable manifolds of the libration orbits near Vesta's equilibrium points (in a surface-fixed rotating frame). A high inclination family of transfers arises similarly from the manifold structure of near-polar, near-circular orbits. Ballistic, resonance crossing transfers near Vesta are presented and characterized. This transfer design methodology applies well to any solar system body where the dynamics are dominated by gravitational acceleration from a non-spherical central-body potential. 
Nomenclaturẽ r = (x, y, z) = spacecraft position vector in body-fixed, Vesta centered frame (r, φ, λ) = radius, latitude and longitude of spacecraft in the Vesta centered, body-fixed frame ω, ω = angular velocity vector of Vesta (relative to inertial space) and associated magnitude U, µ = Vesta gravitational field force potential and parameter R V = radius of the reference sphere associated with the spherical harmonic gravity field C nm ,S nm = normalized spherical harmonic coefficients of the gravitational field P n = Legendre polynomials P nm ,P nm = associated Legendre and normalized associated Legendre functions p = (p x , p y , p z ) = orbiter momenta in rotating, body-fixed Vesta centered frame H(r,p) = orbiter Hamiltonian, also referred to as energy h = arbitrary fixed value of the Hamiltonian (energy) X = (r,p) = spacecraft position and momenta in rotating, body-fixed Vesta centered frame F (X) = associated (Hamiltonian) vector field J(r,ṙ) = first integral of motion for the Vesta orbiter dynamics in terms of position and velocity P 1 , P 2 , P 3 , P 4 = relative equilibria of the orbiter dynamics at ∼ 460 km radius [1, 2] . The LAMO has an orbital period smaller than Vesta's rotation period, so the spacecraft must cross the 1:1 resonance between the spacecraft orbit period and Vesta's rotation period using its low-thrust propulsion system. This transfer presents a mission risk because chaotic dynamics in the region around the resonance could cause unplanned trajectory excursions that would negatively impact the mission.
This study is motivated by this challenge; not to design Dawn's trajectory, but to develop a general transfer design strategy for crossing this potentially-hazardous region during future missions.
The chaotic motion associated with resonant orbit dynamics results from a repeating system configuration that allows small or unmodelled perturbations to be amplified through repeated application. If the resonant frequency and strength are large enough, unpredictable and significant trajectory changes can occur over short time scales. The clearing away of asteroids near certain resonances with Jupiter's orbit period is a classic example of chaotic dynamics near resonance in celestial mechanics ( [3] , chapter 12). When the Dawn spacecraft is in a 1:1 resonance with Vesta, the irregular and largely-unknown gravitational potential of Vesta will repeat its influence on the Dawn spacecraft every 5.342 hr [4] . Small variations in spacecraft state and gravitational potential can make the difference between the orbit being pushed to higher or lower altitudes, or even different orbit planes within a few days to a week [22] . It may not be possible or practical to directly counter these effects using Dawn's low-thrust engine. Tricarico and Sykes [5] have indeed shown through the numerical propagation of an assumed Vesta gravity field that a spacecraft with low thrust engines equivalent to Dawn could be delayed and miss its encounter with Ceres. The resonant nature of these phenomena has been further clarified and globally analyzed using averaging techniques in Delsate [6] . However, the periodic orbits and invariant manifolds associated with these resonances has not been analyzed. Such a viewpoint complements these approaches (point integration and semi-analytical) by providing finer details and control on the orbit structure in a particular region of phase space. This paper focuses on this approach for the case of the 1:1 resonance.
The strategy presented here is thus to follow the stable (on ingress) and unstable manifolds (on egress)
of unstable, near-synchronous, periodic orbits across the chaotic region near the 1:1 resonance with Vesta's rotation. The manifold structure of these periodic orbits defines the boundaries (locally) between approaching ballistic trajectories that successfully cross the resonance and those that do not. The stable manifolds allow definition of a set of approach states and the unstable manifolds are used to predict the post-transfer states.
This approach is similar to the widely-studied use of invariant manifolds of the unstable libration orbits in the three-body problem to achieve low-energy transfers between primaries [7] [8] [9] and the use of stable manifolds to approach a desirable science orbit in the strongly perturbed environment near planetary moons [10] . Here, unstable periodic orbits in the surface-fixed rotating frame of an asteroid provide the manifold structure for the transfer design. The first family of transfers discussed arises from horizontal and vertical libration orbits near the unstable equilibrium points of Vesta. The second family of transfer opportunities presented uses near-polar unstable orbits to provide high-inclination transfers across the resonant region.
Though stable-unstable manifolds are used here to design transfers across the 1:1 resonance, the approach is also applicable to designing other types of transfers throughout the gravity-dominated regime around any body with a non-spherical gravitational potential.
In this way, this paper contributes to the study of small body orbiter mission design and demonstrates that the known results about the structure of the 1:1 resonance near planets (such as the geostationary belt, e.g. [11] p. 54), persist in the largely perturbed gravity field of a particular asteroid of interest. It is shown notably that the analysis of these dynamics through the notion of periodic orbit family and associated stability analysis allows for the inclusion of higher order terms, which is in contrast with previous semi-analytical studies, which generally provide qualitative understanding based on averaging methods. The results in this paper also complement previous studies in ideal gravity fields [12] that showed the generic existence of equilibria in the 1:1 resonance region for orbiters around ellipsoid-shaped small bodies.
This paper proceeds as follows: after a review of the basic modeling and a brief elaboration on the relevant dynamical notions, the equilibria in the surface-fixed frame of Vesta and the energy constraints associated with motion near the 1:1 resonance region are described. The dynamics near the two unstable equilibria has two oscillatory components plus a hyperbolic one, which implies the existence of two nearby families of periodic libration orbits that have invariant stable and unstable manifolds. These orbits and their invariant manifolds are described, which shows that low-inclination, low-energy, transit orbits across the 1:1 resonance can be achieved ballistically by a proper approach along the stable manifold. Next, a family of near-polar unstable orbits and their manifolds are similarly developed to show the possibilities for highinclination transfers that may be more appropriate for a mapping mission like Dawn. The paper concludes with a discussion on how to create an end-to-end transfer trajectory using this theoretical framework and presents a few examples of transfers.
II. Dynamic Background
This section reviews the dynamical model used for this study and the underlying simplifications. Also, a review of the notion of resonance and associated rotating frames are provided for completeness. Further discussion of resonant motion can be found in Reference [3] chapters 4,6,9,10,12 or in the research papers indicated in the introduction.
A. Vesta Environment Modeling
The results given in this paper assume a spacecraft in orbit around the asteroid Vesta. Figure 1 provides various views of Vesta and its relative size as compared to the Moon and Ceres. Vesta is one of the largest objects in the main asteroid belt. Its principal radii measure roughly 289 × 280 × 229km [13] with departures of 15 to 20km from a smooth ellipsoidal shape at a large crater near the south pole [14] . Because Vesta represents a large asteroid, this paper's focus is on orbit dynamics in the gravity-dominated region near a massive small body with an arbitrary gravitational potential. The two-body equations of motion in a surfacefixed, rotating coordinate frame are appropriate for the study of these dynamics, since third-body forces and solar radiation pressure (assuming typical spacecraft mass-to-area ratios) have minimal effect on motion in close-proximity to Vesta over the time scales considered. When applying this type of analysis to motion near other asteroids, it is important to verify that third-body effects are indeed small enough to ignore. Table 1 gives the values of the parameters used here to define spacecraft motion near Vesta. In particular,
Vesta is assumed to be rotating uniformly around a constant direction in inertial space and the gravitational field is modeled via spherical harmonics, as described in the Appendix. Note that fairly large gravitational field coefficients are found even at higher degree and order, which reflect the highly perturbed gravity field expected at Vesta, and distinguish this study from the classic planet orbiter case. Consider a coordinate frame with origin at the small-body center of mass, with z-axis along Vesta's poles in the direction of positive rotation, and rotating at a uniform rate ω around this axis. Denote byr = (x, y, z) the rectangular coordinates of a massless spacecraft S (or particle) in this coordinate frame. If S is subject only to accelerations arising from the gravitational force potential of the small body, denoted as U and fully developed in the Appendix, then Eqn. (1) can be used to describe the motion of S,
where ω = (0, 0, ω) ⊤ and ∇ denotes gradient with respect to (x, y, z). In coordinates,
where
represents the effective potential.
The above equations of motion can be stated in Hamiltonian form, which is used for the numerical integrations performed in this paper. These first-order differential equations of motion arė x = dH/dp x ,ẏ = dH/dp y ,ż = dH/dp z ,
where the Hamiltonian is
and momentap = (p x , p y , p z ) are related to velocities through
The Hamiltonian is an integral of motion of Eqn. (3), hence through the relations in Eqn. (5) is also an integral of Eqn. (1) . In analogy with the Jacobi constant of the circular restricted three-body problem, an integral of motion for Eqn. (1) can be deduced directly in terms of positions and velocities as
Actually, H(r,p) = J(r,ṙ), and because of this fact it is customary to denote the value of the Hamiltonian as "energy". This convention will be followed in the remaining of the paper. The J(r,ṙ) notation is kept in order to make explicit the dependence in the velocity vector for the zero-velocity discussion of the next section.
, the system of differential equations given in Eqn. (3) can then be written in compact form asẊ
C. Resonant Dynamics
Resonance occurs whenever two frequencies associated with the dynamics are linearly dependent over the set of integers. In our case, the basic frequencies of the equations of motion are the angular velocity of the frame, ω and the mean motion of the orbiter, n. Thus, if the initial conditions of the spacecraft are such that k 1 ω − k 2 n = 0 (where k 1 and k 2 are non-zero integers), k 1 : k 2 resonant motion results.
Since the mean motion of the spacecraft is not constant here because of the high-order gravity terms, one has to understand this relation in an approximate sense (i.e., for initial conditions close to exactly resonant conditions). Physically, when an orbiter is near a k 1 : k 2 resonance, the spacecraft performs k 1 orbits in inertial space while the body rotates (about) k 2 times around its pole.
In the case of a 1 : 1 resonance, the orbital period of the spacecraft is nearly equal to that of the pole rotation. In the case of an Earth orbiter, this is a geosynchronous satellite. In the unperturbed two-body case, the geostationary belt is a continuous set of equilibria relative to the Earth surface, which correspond to circular orbits with zero inclination and periods of one sidereal day. This fact comes from axial symmetry, and would also apply e.g. to a zonal mode. Back in the point-mass Earth orbiter case, deviation in inclination leads to closed "figure-eight" ground tracks and periodic orbits in an Earth-centered-fixed frame. Similarly, changes in eccentricity lead to in-plane periodic orbits centered at the geostationary equilibria. Finally, small changes in period lead to small drifts of the ground track.
In the case of a non-pointmass gravitational potential, this idealized picture is modified, so that small changes in semi-major axis do not necessarily lead to drift from the equilibria. In fact, several types of motion can be observed, ranging from small librations about the ideal geostationary location to small constant drifts in the along-track direction moving away from the desired geostationary point. As Kaula reviewed in [11] , section 3.6, these motions are due to the presence of stable and unstable equilibria, mostly dominated by the C 22 term. For more irregular bodies like Vesta and other asteroids, the types of motion near the 1:1 resonance are similar, but more pronounced and potentially occurring over a much shorter timescale [12] .
Because of all this rich dynamical structure (that, in the following sections, will be found magnified with respect to Earth's geostationary belt) it is difficult to give a precise mathematical definition of the "resonant region" as a particular set of states. In this paper, a simple geometrical convention will be followed. The resonant region will be considered as the set of states withr within a few km of the two-body point-mass
.
III. Relative Equilibria and Energy Constraints
Following the general comments of the previous section, the equilibria associated with 1:1 resonant dynamics are computed in the particular case of Vesta. This section follows the approach of Scheeres [12] , which identified relative equilibria near an ellipsoid model of Vesta, noted the existence of nearby orbits, and discussed the local zero-velocity surfaces. The presentation given here emphasizes the features relevant to transfers that use the manifolds of the unstable resonant orbits with an 8 × 8 gravity model of Vesta. As mentioned in the introduction, the demonstration of the applicability of dynamical systems theory to analyze these dynamics with a given complex gravity field is one of the contributions of this paper.
A. Relative Equilibria Solutions
Relative equilibria, that is, equilibrium solutions for the equations of motion expressed in the rotating frame, are a special case of 1:1 synchronous orbits where the orbiting spacecraft presents a fixed location relative to the body surface at all times. They generally lie near the equatorial plane, because the z component of ∇U must be zero (see Eqn. 2), and roughly µ/ω 2 1/3 away from the center of mass. If the gravitational potential is axially-symmetric aboutẑ, a continuum of equilibria encircle the body. In the case of an irregular gravitational potential, there are usually 4 equilibria [11, 12] , though for certain body shapes there may exist more [15] .
Equilibria near Vesta are computed by solving ∇U eff = 0. This can be done using a standard NewtonRaphson iteration scheme, with initial guesses down-selected from a grid survey of the function value in the resonance region, as shown in Fig. 2 . The location of the computed equilibria are given in Table 2 .
For increasing longitudes, these solutions are labeled as P 1 , P 2 , P 3 , P 4 . They are found to lie in different horizontal planes within a few km of the equator. Table 2 Coordinates of the fixed points in rotating coordinates Of these 4 points, the linear behavior around P 2 and P 4 is completely oscillatory, whereas P 1 and P 3 have hyperbolic parts. Using the nomenclature of Scheeres [12] , Vesta can be considered a "Type 1" body. Namely, the sets of eigenvalues (denoted Spec) of the linearized dynamics DF are given as:
In the unstable equilibria cases of P 1 and P 3 , there are eigenplanes that are close to planar (z, p z components small compared to x, y, p x , p y ) and close to vertical (x, y, p x , p y components small compared to z, p z ). The corresponding pairs of complex conjugate eigenvalues have been denoted as ±iω Numerical values are given in Table 3 . Table 3 Eigenvalues of the fixed points in Eqn. (8) In order to give an idea about how all the dynamical structure that will be computed in the following section relates to simpler models, Tables 4,5 show the location of the four fixed points P 1 , . . . , P 4 for truncation to order and degree 2 and 3, respectively, of the spherical harmonic expansion described in the Appendix.
Since the difference in radius with respect to the full 8 × 8 model is under 1 km, a reasonable guess is that the whole structure would be displaced in longitude in values similar to the ones shown in these Tables. Table 4 Coordinates of the fixed points in rotating coordinates for the truncation of the spherical harmonic model to degree and order 2. The difference in radius, longitude and latitude with respect to the full 8 × 8 model is also
shown. The units are km for x, y, z, r, and deg for λ, φ. Table 5 Coordinates of the fixed points in rotating coordinates for the truncation of the spherical harmonic model to degree and order 3. Additional insight into the dynamics near the 1:1 resonance of Vesta is gained by studying the zerovelocity surfaces near the equilibria. Using the integrals of the dynamics given in the previous section (Eqns. (4), (6)), a surface in position space can be defined for a given energy level J(r,ṙ) = h which a spacecraft with this energy cannot cross without achieving a complex velocity vector (impossible). More formally, the zero-velocity surface
where h = H(r,p) = J(r,ṙ) is the energy of the spacecraft. Motion is energetically permitted atr when κ (r, h) < 0 and is not otherwise.
By computing the value of J r,0 on a grid of positions near the equilibria, the structure of the local zero-velocity surfaces for different energies can be visualized. In Figure 3 (a), the two stable equilibria, P 2 and P 4 , reside at local maxima of J r,0 . Thus, a spacecraft starting with zero velocity at P 2 or P 4 is not restricted energetically from moving anywhere in the equatorial plane. However, as indicated in the previous section, these equilibria are stable and the motion is actually dynamically constrained to stay within the neighborhood of the these points (over very long times scales).
Conversely, the unstable equilibria, P 1 and P 3 , are at saddle points of the zero velocity surface. For energies slightly larger than these critical values, a spacecraft starting at one of these points is constrained to move mostly radially inward or outward. These energies are the minimum ones at which transit through the resonance is possible. Figure 3 (d) illustrates this situation in a 3-dimensional representation of a section of the zero-velocity surface. It is in essence similar to low energy ballistic transfers between the two primaries in the circular restricted three-body problem [7] . Note, in particular, that the energy value at P 1 is smaller than P 3 , implying that transit through the 1:1 resonance is possible first through P 1 , when
The energy constraints can also give rough estimates of some properties of the transfers at low energies.
For example, it can be observed that the radius along a given zero velocity surface decreases (resp. increases) when moving toward P 2 and P 4 along the side of the surface closer to (resp. farther from) Vesta. The difference between the extrema in radius along the zero velocity surface provide a good estimate of the change in semi-major axis to be expected when crossing the resonance at these low energies. From Fig. 3 (a), this change can thus be expected to be greater than 60 km. As we will see, these estimates provide good lower bounds on the results based on invariant manifold computations presented in the next section at these energies. For larger energy values, however, the constraint is not energetic, but rather dynamic in nature, and the manifold computations are then necessary.
From Figure 3 (b), one can notice also that J r,0 increases as latitude moves away from zero, showing that ballistic crossing with low energies must occur near the equatorial plane, with low inclinations (the inclination of a state on a zero velocity surface is equal to the latitude at that position). Fig. 3(c) , however, indicates that inclination is not constrained as one gets closer to Vesta. There again, dynamical constraints represented by the manifolds associated with transit trajectories provide the dynamical barriers that keep, in actuality, the motion near to equatorial orbits at these energies. A good estimate of the range of inclinations of these transit orbits at low energies is given by the size of the opening in latitude at P 1 and P 3 . In any case, for highly inclined resonant crossing transfers, as desirable for a global-mapping mission like Dawn, one requires larger energies and the computation of dynamical constraints as captured by the notion of manifolds associated with unstable periodic orbits.
IV. Resonant Periodic Orbits and Associated Manifolds
Lyapunov's center theorem ensures that, for a fixed point of a Hamiltonian vectorfield, and under suitable non-resonance conditions among eigenvalues, the families of periodic orbits of the linear approximation that lie in the eigenplanes corresonding to conjugated, purely imaginary eiganvalues become (in the full, non-linear system) families of p.o. with varying periods that span 2D manifolds tangent to the corresponding eigenplane of the fixed point (see e.g. [16] p. 156). In our case, for each pair of purely imaginary, complex conjugated eigenvalues of DF (P i ), i = 1, 3, a family of periodic orbits is generated that fills a twodimensional manifold tangent to the corresponding eigenplane at the fixed point. The families generated from the ±iω p eigenplanes will be denoted as planar Lyapunov families, whereas the ones corresponding to the ±iω v will be denoted as vertical Lyapunov families. Their study is the subject of the following section, together with some families of near-circular, near-polar orbits that, in the case of Vesta, appear as disconnected from the Lyapunov families.
In all the descriptions of families of periodic orbits that will follow, energy will be used as the parameter identifying a particular orbit of the family. Linear stability will be described in terms of the stability index introduced by Hénon [17] . Namely, given an initial condition X 0 of a periodic orbit of period T , denote the eigenvalues of its monodromy matrix (state transition matrix after one period) as
(the fact that the eigenvalues appear as above is a consequence of the fact that the differential equations are
Hamiltonian, see e.g. [16] page 48 Theorem 3.1.3, page 57 Proposition 3.3.1, and page 200 Lemma 8.5.5).
The stability index associated to a pair of inverse eigenvalues Λ j , 1/Λ j is defined as
Denote eigenvectors of Spec Dφ T (X 0 ) of eigenvalues Λ j , 1/Λ j by U j , V j respectively. For real s j with |s j | > 2, the p.o. has stable and unstable manifolds tangent to U j , V j (it is customary to speak of a "saddle" component of the normal behavior to the periodic orbit). For real s j with |s j | < 2, the p.o. has invariant tori around it that can be approximated linearly from the real and imaginary parts of U j (it is usual to speak of a "center" component in this case). The case in which s j is complex is known as "complex saddle", and does not take place in any of the families of p.o. computed in this paper. See e.g. [18] for additional details and formulae.
All the numerical integrations performed for the results presented in the remaining of the paper have been done in double precision and physical units (space in km, time in s). The integration method used has been a variable-step RKF78 one with a relative tolerance of 10 .
A. Families originating from relative equilibria
The planar and vertical Lyapunov families around the points P 1 and P 3 have been numerically continued, starting from the linear approximation in the corresponding eigenspaces of DF (P 1 ) and DF (P 3 ). For all the families, the continuations have been stopped at collision with the reference sphere of the Vesta spherical harmonic gravity model at 258km radius. Some sample orbits of each family are displayed in Fig. 4 . The motion in all of them is retrograde (clockwise) when projected in the equatorial plane as seen from above. The resulting characteristic curves (energy-period and energy-linear stability index) are shown in Fig. 5 .
Observe that the normal behavior to all of these orbits is of center × saddle type. For the vertical families, the center stability index closely approaches the value 2 (which would imply a 1:1 bifurcation) but never reaches it. The other stability index is always smaller than 4. This mild instability along the families indicates that ballistic transfers can be expected to be slow relative to the orbit period. In as much as these orbits are near to the 1:1 resonance with Vesta, one can expect transfers to require at least a few days to cross the resonance (that is, at least, an order of magnitude longer than the 5.342 hr orbit period of Vesta). The invariant manifolds of both the vertical and planar Lyapunov families of P 1 , P 3 reproduce qualitatively the behavior in the geostationary belt described in standard references (e.g. [11] p. 54). This fact is illustrated in Fig. 7 left, in which the manifolds of the planar orbit act as separatrices between libration mo- tion around the points P 1 , P 3 , and circulation motion around Vesta both inside and outside the 1:1 resonant zone. Since both the planar and vertical Lyapunov families grow in size up to collision with Vesta's reference sphere, the qualitative behavior of the geostationary belt is reproduced here on a larger scale (relative to body size), and involves orbits of relatively high inclination (see Fig. 7, right) .
Similarly to the case of the L 1 libration points for transit between the two primaries in the circular restricted three-body problem, the manifolds associated with P 1 and P 3 can be used to construct 1:1 resonance crossing ballistic transfers. For either a planar or a vertical Lyapunov orbit around P 1 or P 3 , by choosing a branch of the unstable manifold growing outwards and a branch of the stable one going inwards, a transfer from the exterior region to the interior region of the 1:1 resonance can be constructed, as will be demonstrated in the next section. A transfer from the inside to the outside region can also be constructed by choosing the suitable branches. Indeed, by combining manifolds of different points, a trajectory traversing the resonant region in both directions could be constructed. Near planar transfers can be obtained from planar Lyapunov orbits. Vertical transfers of different inclinations can be obtained by considering vertical Lyapunov orbits of In fact, the computation of the closest/farthest approaches of the manifold tubes on these meridian planes provides a characterization of the ranges of altitude changes to be expected when crossing the 1:1 resonance using these dynamics. Fig. 9 displays the evolution of these maximum and minimum distances along the whole families (i.e. as a function of the energy value) of planar and vertical families at P 1 and P 3 . Note in particular that, as the transit routes open at P 1 and P 3 near the critical energy values, the differences in periapsis and apoapsis along one manifold branch are close to zero, thus indicating that these low energy transit orbits are nearly circular. As can be seen from Fig. 9 , the estimated change in semi-major axis for a 1:1 transit at these low energies appears to be on the order of 150 km, showing the conservative nature of the lower bounds from the energy estimates (indicated in the previous section) when compared with the manifold computations.
At higher energies, the changes between the maximum and minimum altitudes between the two branches of the manifold (inner and outer) increase significantly, reaching values greater than 550 km and altitudes lower than 300 km for the planar Lyapunov orbits. While these orbits are no longer circular, they may be more interesting for space mission applications, notably as the the range of feasible transfers is larger, with options for smaller transit times, and higher inclination ranges when following manifolds of the vertical family. It should be noted, however, that the maximum range in inclination along the vertical family is still restricted and truly polar orbits cannot be reached using these manifolds. This is in constrast to nearly symmetric gravitational fields, such as the Earth. In the two-body problem, polar orbits can be continued from a family of vertical orbits. In the case of Vesta's full gravity field, the families collide with Vesta's surface before reaching polar inclinations.
B. Families originating from polar, near-circular orbits
Given the interest of reaching polar inclination for mapping small bodies (as indicated by the Dawn mission trajectory), two distinct families of unstable resonant polar orbits were found using a differential corrector scheme with an initial guess from the two-body dynamics. One family crosses the equator near P 1 and the other near P 3 [24] . Fig. 10 provides sample orbits in these families, while Fig. 11 describes the corresponding characteristic curves and stability indices. As with the Lyapunov families, these orbits present mild instability, thus indicating time scales of several days to complete a transit. Fig . 9 For the points P1 (first row), P3 (second row), and for the planar Lyapunov families (first column) and the vertical ones (second column), pericenter (red) and apocenter (blue) distances of the sections of the manifold branches allowing to construct a transfer from the exterior to the interior region of the 1:1 resonance. The continuation of these families in the two possible directions ends with surface-impacting orbits, as shown in Fig. 10 (right) . While the overall shape, orientation, and the corresponding situation of these orbits in a weakly perturbed two-body problem suggests that these families could be a continuation of the vertical families, these connections cannot be made in practice in this problem, and these orbits are thus considered as separate families, referred to as the "polar families" [25] .
However, as for the case of the Lyapunov families, the manifolds of these orbits can be computed to provide transfer routes across the 1:1 resonance. Fig. 12 shows two manifold branches associated with a sample periodic orbit in these families, while Fig. 13 describes the extrema and changes in distance of these manifolds. These characteristics have been here computed using simultaneous crossings with the equatorial plane and the meridian plane lying +90 deg from the equilibria P 1 and P 3 , respectively, due to the geometry of these orbits. Indeed, several members of the polar orbit families cross the meridian plane themselves, making the intersection of this plane with the manifold tubes rather ill-defined. As can be observed, reductions in altitude of over 100 km can be obtained from the manifold tubes associated with the orbits of smaller energies.
V. Ballistic Resonance Crossing
In this section, the notion of transit orbit is reviewed and applied to create sample 1:1 resonance crossing, ballistic trajectories near Vesta. 
A. Transit Orbits
In the context of the planar, restricted three-body problem, transit orbits are defined as those that traverse the orbit of the secondary around the primary from the exterior to the interior of the region of possible motion, or vice-versa. Classical works by Conley and McGehee [7, 8] have characterized them in terms of the relative position of an initial condition on a Poincaré section with respect to the section of a manifold tube of a Lyapunov orbit. By combining these characterizations with homoclinic and heteroclinic connections, later works have been able to construct resonance transitions [9, 20] .
In our case, transit trajectories will be considered as those traversing the 1:1 resonance from the outside region to the inside one. More precisely, when looking at the ground track of non-resonant orbits, the successive equatorial crossings will circulate eastward or westward. A resonant crossing trajectory will thus present a ground track that transitions between westward and eastward drifts, with a temporary turning point when crossing the resonance.
Due to the fact that we are working with a 3D gravity field, we need to consider the 4D tubes filled by the manifolds of all the periodic orbits and invariant tori at a particular energy level in order to characterize transit trajectories in terms of manifolds [20] . Although they can be computed, there is still the difficulty of the determination of the interior and exterior of the 3D intersection of these manifold tubes with a Poincaré section.
A way to produce transit trajectories from the families of periodic orbits computed in this paper is to take initial conditions in a specific quadrant of the stable/unstable eigenplane of the monodromy matrix of the periodic orbit. This quadrant has to be chosen such that, when integrating both forward and backward in time, the resulting trajectory closely follows the manifold branches of Fig. 8 . To do this, assume that X 0 is an initial condition of a planar or vertical Lyapunov periodic orbit with 
is a parametrization of the linear approximation of the 3D stable-unstable manifold of the periodic orbit, since:
• If ξ u = ξ s = 0, it describes the periodic orbit as 0 ≤ θ ≤ 2π. factor prevents stretching of the transported eigenvector, and keeps ψ(θ, ξ u , ξ s ) 2π-periodic in θ.
• For ξ u = 0, ξ s = 0, a symmetric argument applies.
A more formal way to see that Eqn. (9) parametrizes the linear approximation of the stable-unstable manifold of the periodic orbit is to check that, using the flow property (φ s (φ t (X)) = φ t+s (X)) and the chain rule,
which would be an invariance equation for ψ were not for the
If we take the precaution of choosing both V After discarding the non-transit trajectories in the exploration just described, for each initial condition of each family and each value of ξ, we have plotted in Fig. 15 the difference between the maximum and minimum distance to the center of Vesta along the trajectories for varying θ, as well as the minimum time of flight from the vertical plane of the longitude of the fixed point plus 90 degrees to itself. Table 6 Initial conditions for a sample planar Lyapunov transfer, to be used in Eqn. (9) . The values φ θ 2π T (X0), Table 6 , for ξ u = ξ s = 1 (left) and ξ u = ξ s = 10 (right). In Fig. 15 it can be observed how, as the distance to the periodic orbit is increased, the time of flight decreases, because the trajectories perform fewer revolutions around the base periodic orbit as they approach and depart it. A side-effect to increasing ξ is that the ψ(θ, ξ, ξ) initial conditions stop providing transit In the rotating frame, the trajectory evolves clockwise initially (the period is sub-synchronous with the body rotation), then counter clockwise in the interior region.
VI. Conclusion
The stable and unstable manifolds of near-synchronous, unstable orbits in the body-fixed frame of an irregularly shaped body can be followed to achieve ballistic transfers across the 1:1 resonance. For low-thrust spacecraft, which must necessarily pass through a 1:1 resonant orbit en route to a super-synchronous orbit, the methodology presented herein identifies orbit targets that ensure passage across this region of chaotic This middle inclination transfer results in significant variation in the node crossing longitude.
dynamics. For the specific case of orbiting Vesta, these transfers have been shown to allow for a significant change in orbit altitude (on the order of 100 km) without a change in orbit energy (i.e., without thrust) because of the relatively large deviation of Vesta's gravity from a pointmass. This transfer design strategy is well-suited for future low-thrust missions to asteroids and small planetary moons where the irregular gravity field similarly allows for large ballistic changes in an orbit near resonance, but requires careful targeting to ensure the desired change is achieved.
The sensitivity of this type of transfer to gravity field and other uncertainties remains to be studied.
While hyperbolic equilibria and their associated dynamics are known theoretically to persist under small perturbations, the extent of their actual robustness is a question of significant practical importance.
Appendix: Vesta Gravitational Field Model
As mentioned in the section "Dynamical Background", an 8×8 spherical harmonic gravity field has been used to model Vesta's gravitational potential. The coefficients for this model were generated by Alex
Konopliv at the Jet Propulsion Laboratory at the California Institute of Technology using the Thomas shape model [14] with a constant density assumption [26] . This appendix provides a summary of the conventions and coefficients used. Table 7 Normalized spherical harmonic coefficients used to define the gravitational potential of Vesta.
C 0,0 1.00000000000e+00 S 0,0 0.00000000000e+00 C 6,2 -1.56976008416e-04 S 6,2 -3.26673192977e-05 C 1,0 0.00000000000e+00 S 1,0 0.00000000000e+00 C 6,3 -3.99739451316e-05 S 6,3 4.56863652413e-04 C 1,1 0.00000000000e+00 S 1,1 0.00000000000e+00 C 6,4 3.77321609708e-04 S 6,4 1.22025762333e-04 C 2,0 -4.07805507010e-02 S 2,0 0.00000000000e+00 C 6,5 -2.02585801195e-04 S 6,5 -1.73238620246e-04 C 2,1 -3.25010390544e-04 S 2,1 1.49720853708e-03 C 6,6 6.77387913531e-05 S 6,6 7.48949709186e-05 C 2,2 4.46821319973e-03 S 2,2 4.61382771891e-03 C 7,0 5.70293656227e-04 S 7,0 0.00000000000e+00 C 3,0 3.64651747993e-03 S 3,0 0.00000000000e+00 C 7,1 3.98235640002e-04 S 7,1 7.24405013000e-04 In all the results reported in this paper, the gravitational potential of Vesta at a pointr = (x, y, z) has been expressed in the body fixed frame defined in the "Dynamic background" section. Its expression in that frame is given by:
U (r) = µ r 
where µ denotes the gravitational parameter of Vesta (17.8 km 3 /s 2 ) and R V corresponds to the radius of the reference sphere of the expansion in spherical harmonics (258 km). The spherical coordinates used (r, φ, λ)
are defined as x = r cos φ cos λ, y = r cos φ sin λ, z = r sin φ, and the various C n,m and S n,m used are given in Table 7 .
Note that the normalized spherical harmonics and coefficients are used, following the convention in reference [21] p. 58. In particular, the normalized Legendre associated functions are defined by:
P n,m (u) = (2 − δ 0,m )(2n + 1)(n − m)! (n + m)! P n,m (u)
with P n,m (u) = (1 − u 2 ) m/2 d m du m P n (u) and P n (u) = 
